An element g of a finite group G is said to be vanishing in G if there exists an irreducible character χ of G such that χ(g) = 0; in this case, g is also called a zero of G. The aim of this paper is to obtain structural properties of a factorised group G = AB when we impose some conditions on prime power order elements g ∈ A ∪ B which are (non-)vanishing in G.
Introduction
Within finite group theory, the close relationship between character theory and the study of conjugacy classes is widely known. Regarding this last topic, several authors have investigated the connection between certain conjugacy class sizes (also called indices of elements) of a group G and its structure. Further, recent results show up that the conjugacy classes of the elements in the factors of a factorised group exert a strong impact on the structure of the whole group (see [3, 10, 15, 16] ).
In character theory, a celebrated Burnside's result asserts: every row in a character table of a finite group which corresponds to a non-linear complex character has a zero entry [17, Theorem 3.15] . Nevertheless, a non-central conjugacy class column may not contain a zero. This fact somehow violates the standard duality arising in many cases between the two referred research lines. Therefore, in [18] the authors introduce the next concept: an element g ∈ G is vanishing in G if there exists an irreducible character * The first author is supported by Proyecto Prometeo II/2015/011, Generalitat Valenciana (Spain). The second author is supported by Proyecto MTM 2014-54707-C3-1-P, Ministerio de Economía, Industria y Competitividad (Spain), and by Proyecto Prometeo/2017/057, Generalitat Valenciana (Spain). The third author acknowledges the predoctoral grant ACIF/2016/170, Generalitat Valenciana (Spain).
Instituto Universitario de Matemtica Pura y Aplicada (IUMPA-UPV), Universitat Politècnica de València, Camino de Vera s/n, 46022 Valencia, Spain : mfelipe@mat.upv.es, anamarti@mat.upv.es, vicorso@doctor.upv.es ORCID iDs: 0000-0002-6699-3135, 0000-0002-0208-4098, 0000-0001- considered, that is, when there are no vanishing prime power order elements in the factors (see Corollary 3.12) . Later on we obtain structural properties of groups with a core-factorisation from the vanishing indices in the whole group of some elements in the factors. Concretely, in Section 4, we study the case when those vanishing indices are prime powers (Theorem 4.6 and Corollary 4.8). Next, we focus in Section 5 on the case that the indices are not divisible by a prime p (see Theorem 5.1). The situation when those indices are square-free is also handled in this last section (see Theorems 5.5 and 5.9) . In particular, we highlight that an affirmative answer to a question posed by Brough in [7] is given (Corollary 5.6). It is significant to mention again that all the previous results for core-factorisations will remain true when the factors are either totally, mutually or tcc-permutable (see Example 2.3). We remark that, in order to avoid repeating arguments from previous papers, when some proof runs as in the one of a known result with suitable changes, we refer to the corresponding one.
Throughout this paper, every group is assumed to be finite. The terminology here is as follows: for a group G and an element x ∈ G, we call i G (x) the index of x in G, that is, i G (x) = |G : C G (x)| is the size of the conjugacy class x G . The set of prime divisors of the order of G is denoted by π(G). If p is a prime, then x ∈ G is a p-regular element if its order is not divisible by p. As customary, the set of all Sylow p-subgroups of G is denoted by Syl p (G), whilst Hall π (G) is the set of all Hall π-subgroups of G for a set of primes π. We write Irr(G) for the set of all irreducible complex characters of G. Given a group G = AB which is the product of the subgroups A and B, a subgroup S is called prefactorised (with respect to this factorisation) if S = (S ∩ A)(S ∩ B) (see [4] ). We recall that a subgroup U covers a section V /W of a group G if W (U ∩ V ) = V . The remainder notation is standard, and it is taken mainly from [12] . In particular, a normal subgroup N of a group G such that N = G is denoted symbolically by N ⊳ G. We also refer to [12] for details about classes of groups.
Core-factorisations: definition and properties
We analyse in this section the kind of factorisations we manage along the paper. Definition 2.1. Let 1 = G = AB be the product of the subgroups A and B. We say that G = AB is a core-factorisation if for every proper normal subgroup K of G it holds that there exists a normal
Note that if we adopt the bar convention for the quotients over K, the above condition means that A G B G = 1, where H X denotes the core in a group X of a subgroup H. This illustrates the given name for such factorisations.
Remark 2.2. Let state some immediate facts:
1. If either 1 = G = A or 1 = G = B, then G = AB is always a core-factorisation.
2. If G = AB is a core-factorisation of a simple group G, then either G = A or G = B.
3. If we take K = 1 in the above definition, then there exists a (minimal) normal subgroup of G = AB contained in either A or B.
We present now some non-trivial examples.
Example 2.3. Let 1 = G = AB be the product of the subgroups A and B, and let assume that A and B satisfy one of the following permutability properties:
(i) A and B are mutually permutable, that is, A permutes with every subgroup of B and B permutes with every subgroup of A.
( Proof. Let use the bar convention to denote the quotients over M . We take a normal subgroup K ⊳ G, and we claim that there exists a normal subgroup 1 = N /K of G/K covered by either A or B. As G = AB is a core-factorisation, then G/K has a normal subgroup 1 = N/K such that either N/K is covered by either A or B. It follows
or analogously the same is valid for B instead of A.
The lemma below is a characterisation of core-factorisations via normal series. 
(ii) There exists a normal series
Further, each term N i of such (chief ) normal series is prefactorised and (BN 1 /N 1 ) . If G/N 1 = 1, then we have the desired series. If 1 = G/N 1 , then it is again a core-factorisation by the previous lemma. Therefore, there
Repeating this process until we reach a trivial quotient G/N j , we get the desired series.
(ii) implies (iii): If we refine the series in (ii) to a chief series, then we get for each factor that there exist
We have to show that for each K ⊳ G, there exists a non-trivial normal subgroup of G/K covered by either A or B. Let 1 ≤ r ≤ n be the minimum number such that N r K.
. By the minimality of r it follows N r K/K AK/K. Now we claim that each N i in such (chief) normal series is prefactorised, and we work by induction on i. The case i = 1 is clear since either
and we want to show that N i is also prefactorised. We may consider N i AN i−1 , and then
N m−1 in order to apply the equivalence between (ii) and (i). We have by assumption that for instance
The lemma is now established.
We point out that if N is an arbitrary prefactorised normal subgroup of a corefactorisation G = AB, then N = (N ∩ A)(N ∩ B) might not be a core-factorisation, as the next example shows. 
On vanishing elements
The main objective of this section is to prove Theorem 3.8 and Corollary 3.12. Let state first some key ingredients for locating vanishing elements in a given group. Let p be a prime, and χ ∈ Irr(G). Recall that χ is of p-defect zero if p does not divide |G| χ (1) . A well-known result of Brauer [17, Theorem 8.17] highlights the significance that this property has for vanishing elements: if χ is an irreducible character of p-defect zero of G then, for every g ∈ G such that p divides the order of g, it holds χ(g) = 0. The following lemma yields elements of normal subgroups that vanish in the whole group.
Lemma 3.3. [7, Lemma 2.2] Let N be a normal subgroup of a group G. If N has an irreducible character of p-defect zero, then every element of N of order divisible by p is a vanishing element in G.
We now focus on vanishing elements in simple groups. The combination of some results in [14] , which use the classification, gives the following. Proposition 3.4. Let S be a non-abelian simple group, and let p ∈ π(S). Then, either there exists χ ∈ Irr(S) such that χ is of p-defect zero, or there exists a p-element x ∈ S and χ ∈ Irr(S) such that χ extends to Aut(S) and χ vanishes on x.
Proof. If either S is a group of Lie type or p ≥ 5, then [14, Proposition 2.1] applies and S has an irreducible character of p-defect zero (note that this case includes the groups A 5 ∼ = P SL(2, 5) and A 6 ∼ = P SL(2, 9)). Hence it remains to consider sporadic simple groups and alternating groups, and p ∈ {2, 3}. Firstly, in virtue of [14, Lemma 2.3] , for a sporadic simple group S there exists always an irreducible character which extends to Aut(S) and it vanishes on a p-element. For alternating groups A n with n ≥ 7, it is known by [14, Proposition 2.4] that A n has two irreducible characters χ 2 , χ 3 such that χ 2 vanishes on a 2-element and χ 3 vanishes on an element of order 3. Further, both χ 2 and χ 3 extend to Aut(A n ).
An argument included within the proof of [14, Theorem A] provides the following proposition, which turns to be essential in the remainder of the section. Proposition 3.5. Let N be a non-abelian minimal normal subgroup of a finite group G, and let p ∈ π(N ). Then there exists a p-element in N which is vanishing in G.
Proof. We have that N = S 1 ×· · ·×S k , where each S i is isomorphic to a non-abelian simple group S with p dividing its order. If S has a character θ of p-defect zero, then χ := θ × · · · × θ ∈ Irr(N ) and it is clear that χ is also of p-defect zero. Let 1 = x i ∈ S i be a p-element. Then 1 = x := x 1 · · · x k ∈ N is a p-element and Lemma 3.3 provides that x is vanishing in G.
Let i ∈ {1, . . . , k} and suppose that S i does not have a character of p-defect zero. By Proposition 3.4, there exists θ ∈ Irr(S i ) and a p-element y i ∈ S i such that θ(y i ) = 0 (so 1 = y i ) and θ extends to Aut(S i ). Thus 1 = y := y 1 · · · y k ∈ N is a p-element, and by [14, Proposition 2.2] it follows that χ := θ × · · · × θ ∈ Irr(N ) extends to G. Moreover, χ(y) = 0, and the result is now established.
From now on we deal with (non-)vanishing elements in factorised groups. The next example gives insight into occurring phenomena.
Example 3.6. Let G = Sym(4) × x = AB be the factorised group as in Example 2.6. Note that although ((3, 4), x) is vanishing in A and ((3, 4), 1) is vanishing in B, the product ((3, 4), x)((3, 4), 1) = (1, x) ∈ Z(G) and so it is non-vanishing in G. On the other hand, ((2, 3, 4), 1) is a non-vanishing element in B which is vanishing in G.
Remark 3.7. We claim that the hypotheses regarding vanishing elements of the results stated from now on are inherited by every non-trivial quotient of a group G, where G = AB is a core-factorisation. Indeed, let N be a proper normal subgroup of G. Note that G/N = (AN/N )(BN/N ) is also a core-factorisation by Lemma 2.4. Since there exists a bijection between Irr(G) and the set of all characters in Irr(G/N ) containing N in their kernel, if xN ∈ AN/N ∪ BN/N is a vanishing (prime power order) element of G/N , then we can assume x ∈ A ∪ B, and that x is also a vanishing (prime power order) element of G. This fact will be used in the sequel, sometimes with no reference.
Our first significant result analyses core-factorisations with no vanishing p-elements in the factors. We remark that the CFSG is needed. Proof. Let G be a counterexample of minimal order to the result, and take P ∈ Syl p (G). Clearly we can assume that O p (G) is proper in G. Hence by Remark 3.7 and the minimality of G we may suppose O p (G) = 1. Since G = AB is a core-factorisation, we can consider a minimal normal subgroup N of G such that N A, for instance. Let suppose that p divides its order. Then N is non-abelian, and by Proposition 3.5 there is a p-element x ∈ N which is vanishing in G, a contradiction. So p does not divide the order of N . In particular, we may assume that N is proper in G. By minimality and Remark 3.7 we obtain that P N/N is normal in G/N , and then G is p-separable.
We can choose by Lemma 2.5 a chief series 1 = N 0 N 1 = N · · · N n−1 N n = G such that each chief factor N i /N i−1 is covered by either A or B. Let j ∈ {2, . . . , n} be the minimum number such that p divides |N j /N j−1 |. Then N j /N j−1 is a minimal normal subgroup of G/N j−1 and it is p-elementary abelian. It follows that N j /N = N j−1 /N × P 0 /N , where 1 = P 0 /N = P N/N ∩ N j /N is the unique Sylow p-subgroup (and elementary abelian) of N j /N . We claim that every element of P 0 N is vanishing in G. Note that P 0 /N is abelian and normal in G/N . It also holds (|N | , |P 0 /N |) = 1. In addition, since N = O p ′ (P 0 ) and O p (P 0 ) O p (G) = 1, then C P 0 (N ) N . Lemma 3.1 yields that every element in P 0 N is vanishing in G. Therefore, it remains to find a p-element in P 0 N lying in either A or B in order to get the final contradiction.
Since N j = (N j ∩ A)(N j ∩ B) by Lemma 2.5, applying [16, Lemma 2] we can affirm that the unique Sylow p-subgroup P 0 /N of N j /N is also prefactorised, that is,
Hence the result is established.
As an immediate consequence, when we take the trivial factorisation G = A = B in the above theorem, we obtain [14, Theorem A]. In their proof, the authors apply Lemma 3.1 to the centre of a Sylow subgroup in order to get the final contradiction. We highlight that the centre subgroup may not be prefactorised (see [4, Example 4.1.43]) and so our reasonings differ.
Another consequence of Theorem 3.8 is the following. Proof. We denote by σ := {p, q} ′ . In virtue of Corollary 3.9, G has a nilpotent normal Hall σ-subgroup N . Now, G/N is soluble because it is a {p, q}-group, so G is also soluble.
If we consider the case when the hypotheses in Theorem 3.8 hold for all primes, then it follows clearly that those groups are nilpotent. But actually we obtain the stronger fact that they are abelian. The next result is essential in its proof.
Proposition 3.11. [18, Theorem B] If G is supersoluble, then every element in G Z(F(G)) is vanishing in G. In particular, if G is nilpotent, then all elements in G Z(G)
are vanishing in G. (1) Every element x ∈ A ∪ B is non-vanishing in G.
(2) Every prime power order element x ∈ A ∪ B is non-vanishing in G.
Proof. There is no doubt in the implications (1) ⇒ (2) and (3) ⇒ (1), so let prove (2) ⇒ (3). Clearly, by Theorem 3.8, G is nilpotent. Since we are assuming that every prime power order element lying in A ∪ B is non-vanishing in G, then Proposition 3.11 provides that every Sylow subgroup of A and B lies below Z(G), and thus G = AB Z(G).
As it has been said before, from Burnside's result quoted in the introduction it is elementary to show that a group is abelian if and only if it has no vanishing elements. Indeed, it is enough to consider in this last characterisation only prime power order elements, as we directly deduce by taking the trivial factorisation in the previous corollary. This claim can be also obtained from [19, Theorem B] , which asserts that a non-linear complex character vanishes on a prime power order element (it also uses the CFSG). In any case, both proofs emphasize the difficulty of handling only prime power order elements. Moreover, observe that [19, Theorem B] does not imply directly Corollary 3.12, since we cannot assure in a factorised group that a vanishing prime power order element lies in one of the factors.
Prime power vanishing indices
In [9] , Camina and Camina analysed the structure of the so-called p-Baer groups, i.e. groups all of whose p-elements have prime power indices for a given prime p. Next, in [16] we extended this study through products of two arbitrary groups. Thus, as stated in the introduction, it seems natural to address the corresponding vanishing problem, i.e. vanishing indices which are prime powers, in particular for factorised groups.
Let enunciate first some preliminary results. The subsequent well-established one is due to Wielandt.
Lemma 4.1. Let G be a finite group and p a prime. If x ∈ G is a p-element and i
In [9] , Camina and Camina proved the next proposition, which extends both the above lemma and the celebrated Burnside's result about the non-simplicity of groups with a conjugacy class of prime power size. The main result of [6] is the following one. 
Remark 4.5. Note that, hereafter, in the results stated the arithmetical hypotheses on the indices are inherited by non-trivial quotients of core-factorisations. Indeed, let G = AB be a core-factorisation and suppose for an element x ∈ A ∪ B that i G (x) is a prime power, square-free, or not divisible by a given prime, respectively. Since i G/N (xN ) divides i G (x) by the above lemma, we get that i G/N (xN ) is also a prime power, squarefree, or not divisible by such prime, respectively.
We are now ready to prove the following vanishing versions of [16, Theorem A (1-2)] and [16, Theorem B (1)] for core-factorisations, respectively. We emphasize that the techniques used in that approach are not valid when we work with zeros of irreducible characters.
Theorem 4.6. Let G = AB be a core-factorisation. Let p be a prime, and P ∈ Syl p (G). Assume that every p-element x ∈ A ∪ B vanishing in G has prime power index. Then:
(1) If all the considered indices are p-numbers, then P is normal in G.
Proof.
(1) If all the indices of vanishing p-elements x ∈ A ∪ B are p-numbers, then it is enough to reproduce the proof of Theorem 3.8. Notice that the contradictions now will be derived from Lemma 4.1.
(2) Let denote
We may assume G = 1. We show next that for every p-element
is a p-number, and then (1) applies. Since by Remark 3.7 we can suppose that x ∈ A ∪ B is a p-element vanishing in G, by assumptions we get that i G (x) is a prime power (actually a p-number,
is also a p-number and we are done.
(3) Let denote G := G/ F(G), and let assume G = 1. If the statement is false, then by Theorem 3.8 there exists a vanishing p-element 1 = x = x F(G) in A ∪ B. By Remark 3.7, x / ∈ F(G) is a vanishing p-element in A∪ B, and so i G (x) is a power of a prime q = p. It follows x ∈ F 2 (G) by Proposition 4.2, so 1 = x ∈ O p (G). Proposition 4.3 implies that p divides i G (x), and so p divides i G (x), the final contradiction.
(4) We proceed by induction on |G| in order to show that P O p ′ (G) is normal in G. We may assume O p ′ (G) = 1, and by (3) we get that P F(G) = P is normal in G. The second assertion about the p-solubility of G follows directly.
We remark that the vanishing analogue of [16, Theorem B (2)] is not true, that is, if the considered vanishing indices are powers of primes distinct from p, then the Sylow p-subgroup might not be abelian:
Example 4.7. Let G be a Suzuki group of degree 8, and let H be the normaliser of a Sylow 2-subgroup of G. Then H is a core-factorisation of its Sylow subgroup of order 2 and a Sylow subgroup of order 7, and H does not have vanishing 2-elements. Nevertheless, the Sylow 2-subgroup of H is non-abelian.
Moreover, [16, Theorem B] asserts that if all the p-elements in a factor have prime power indices in the whole factorised group, then there is a unique prime that divides all the considered indices. However, we do not know if the vanishing version of this fact is true.
Finally, note that if we consider the assumptions in Theorem 4.6 for every prime in π(G), then the third statement tells us that G/ F(G) is nilpotent. In fact, the following result shows that G/ F(G) is abelian for such a group (compare with [16, Corollary C (1)]). Proof. G/ F(G) is nilpotent by Theorem 4.6 (3). Let denote by G := G/ F(G), and let assume that G = 1 and that there exists 1 = x = x F(G) a prime power order element in A ∪ B vanishing in G. Then x is a p-element for some prime p, and we may suppose x ∈ (A ∪ B) F(G) is a p-element vanishing in G. By assumption, we have that i G (x) is a prime power. Since G is nilpotent, then by Proposition 4.3 it follows that i G (x) is a p-number, and so is i G (x). It follows by Wielandt's lemma that x ∈ O p (G), so x = 1, a contradiction. Thus G does not have any vanishing prime power order element in A ∪ B, and by Corollary 3.12 we get that it is abelian.
For the second assertion, note that P is the unique Sylow p-subgroup of G by Theorem 4.6 (1), so we claim that H ∼ = G/P is an abelian Hall p ′ -subgroup of G. Let denoteG := G/P , soG =ÃB. Hence,G does not have any vanishing prime power order element inÃ ∪B, since otherwise those elements are central by our assumptions, a contradiction. So it follows by Corollary 3.12 thatG = G/P ∼ = H is abelian.
Square-free vanishing indices
In this last section we focus on vanishing indices in factorised groups which are square-free, motivated by previous developments in [7, 8, 13] . The next theorem treats the most extreme square-free case: when the vanishing indices are not divisible by a fixed prime p. We should comment that, although some arguments in the proof of the first statement are similar to those in [8, Theorem 3.3] , we include them here for the sake of comprehensiveness.
Theorem 5.1. Let G = AB be a core-factorisation.
(1) Assume that p does not divide i G (x) for every p-regular element of prime power order x ∈ A ∪ B vanishing in G. Then G is p-nilpotent.
(2) If p does not divide i G (x) for every prime power order element x ∈ A∪B vanishing in G, then G is p-nilpotent with abelian Sylow p-subgroups.
(1) Assume the result is false. We argue with G a minimal counterexample to the theorem. By minimality, we may suppose that O p ′ (G) = 1. Let N be a minimal normal subgroup of G such that N A, for instance. If N is soluble, since p divides its order it follows that N is a p-group. We can assume that N is proper in G since otherwise G is a p-group, so by minimality we get that G/N is p-nilpotent. Hence G is p-separable, and
. This last fact and our assumptions produce that there are no p-regular elements of prime power order x ∈ A ∪ B vanishing in G, and Corollary 3.9 applies with σ = p ′ . Thus N is non-soluble, and applying the same arguments as in the second paragraph in the proof of [8, Theorem 3.3] , it can be obtained a p-regular element of prime power order in N A which is vanishing in G and whose conjugacy class size in G is divisible by p, the final contradiction.
(2) G is p-nilpotent by (1). Let denoteG := G/H where H is the unique Hall p ′ -subgroup of G, and thenG =ÃB. Then,G does not have any vanishing prime power order element inÃ ∪B, because otherwise the hypotheses imply that those elements are central, a contradiction. Now in virtue of Corollary 3.12 we get thatG is abelian.
Note that Theorem 5.1 provides a vanishing version of [3, Theorem 1.1] for products of two groups, even relaxing the mutual permutability of the factors. We also remark that [8, Theorem 3.3 ] is Theorem 5.1 (1) for the trivial factorisation. Indeed, (2) implies the next corollary, which improves the main result of [13] by considering only vanishing indices of prime power order elements: Corollary 5.2. Let G be a group, and p be a prime. If p does not divide any vanishing index of a prime power order element, then G is p-nilpotent with abelian Sylow p-subgroups.
Regarding square-free vanishing indices, we first analyse those which are not divisible by p 2 , for a fixed prime p. The next proposition is actually the vanishing version of [15, Theorem A]. We point out that this result is valid for any arbitrary factorisation of a p-group. Proposition 5.3. Let p be a prime number and let P = AB be a p-group such that p 2 does not divide i P (x) for all x ∈ A ∪ B vanishing in P . Then P ′ Φ(P ) Z(P ), P ′ is elementary abelian and |P ′ | ≤ p 2 .
Proof. Since the non-vanishing elements of a p-group lie in its centre because of Proposition 3.11, we can apply directly [15, Theorem A] in order to get the thesis.
The following lemma will be essential in the sequel. In [7] , the author posed the following question: a group such that all its vanishing indices are not divisible by p 2 , for a prime satisfying (p−1, |G|) = 1, must be p-nilpotent?
The following theorem gives a positive answer to this question, even for some factorised groups (see Corollary 5.6 for the case G = A = B).
Theorem 5.5. Let G = AB be a core-factorisation, and let p be a prime such that (p − 1, |G|) = 1. Suppose that i G (x) is not divisible by p 2 for every prime power order element x ∈ A ∪ B vanishing in G. It follows that:
(1) G is soluble.
(2) G is p-nilpotent.
(3) If P ∈ Syl p (G), then P ′ Φ(P ) Z(P ), P ′ is elementary abelian and |P ′ | ≤ p 2 .
Proof. (1) Suppose that the result is false and let G be a counterexample of minimal order. Since every group of odd order is soluble, we may assume that p = 2 because (p − 1, |G|) = 1. The class of soluble groups is a saturated formation, so we can suppose that there exists a unique minimal normal subgroup N . Moreover, N is non-soluble. We have for instance N A, because G = AB is a core-factorisation. Then it is enough to reproduce the arguments in the proof of [8, Theorem 3.1] to obtain a prime power order element in N A which is vanishing in G and whose conjugacy class size is divisible by 4, a contradiction.
(2) Assume that the result is not true and let G be a counterexample of least possible order. By the minimality of G we may suppose that O p ′ (G) = 1. Let N be a minimal normal subgroup of G. Thus p divides its order and, since G is soluble by (1) , then N is p-elementary abelian. Moreover, the class of p-nilpotent groups is a saturated formation, so N is the unique minimal normal subgroup of G and by [12, A -15.6, 15.8] we get N = O p (G) = F(G) = C G (N ). We can consider N A, for instance. We take K/N a minimal normal subgroup of G/N such that it is covered by either A or B. We claim that each element in K N is vanishing in G. Since N = O p (G), then K/N is q-elementary abelian for some prime q = p. Indeed, we get C K (N ) C G (N ) = N . It follows by Lemma 3.1 that every element in K N is vanishing in G.
Note that K = [N ]Q where Q ∈ Syl q (K) is elementary abelian. If we take 1 = xN ∈ K/N , then we can assume that x ∈ K N is a q-element in A ∪ B by conjugation. Hence p 2 does not divide i G (x) = |G : C G (x)|. Note that the p-number 1 = |N : C N (x)| divides i G (x). On the other hand, x acts coprimely on N , which is abelian, so 
